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Zh frqvlghu dq dowhuqdwlyh xvh ri vlpxodwlrq lq wkh frqwh{w ri xvlqj wkh
Olnholkrrg0Udwlr vwdwlvwlf wr whvw qrq0qhvwhg prghov1 Wr gdwh vlpxodwlrq kdv
ehhq xvhg wr hvwlpdwh wkh Nxooedfn0Ohleohu phdvxuh ri forvhqhvv ehwzhhq wzr
ghqvlwlhv/ zklfk lq wxuq *phdq dgmxvwv* wkh Olnholkrrg0Udwlr vwdwlvwlf1 Jlyhq
wkdw wklv dgmxvwphqw lv vwloo edvhg xsrq dv|pswrwlf dujxphqwv/ dq dowhuqdwlyh
surfhgxuh lv wr xwlolvh errwvwuds surfhgxuhv wr frqvwuxfw wkh hpslulfdo ghqvlw|1
Wr rxu nqrzohgjh wklv vwxg| uhsuhvhqwv wkh uvw frpsdulvrq ri wkh surshuwlhv
ri errwvwuds dqg vlpxodwlrq0edvhg whvwv dssolhg wr qrq0qhvwhg whvwv1 Pruh
vshflfdoo|/ wkh ghvljq ri h{shulphqwv doorzv xv wr frpphqw rq wkh uhodwlyh
shuirupdqfh ri wkhvh wzr whvwlqj iudphzrunv dfurvv prghov zlwk ydu|lqj gh0
juhhv ri qrqolqhdulw|1 Lq wklv uhvshfw dowkrxjk wkh sulpdu| irfxv ri wkh sdshu
lv xsrq wkh uhodwlyh hydoxdwlrq ri vlpxodwlrq dqg errwvwuds0edvhg qrqqhvwhg
surfhgxuhv lq whvwlqj dfurvv d fodvv ri qrqolqhdu wkuhvkrog prghov/ wkh lqfoxvlrq
ri d vlplodu dqdo|vlv ri wkh pruh vwdqgdug olqhdu2orj0olqhdu prghov surylghv d
srlqw ri frpsdulvrq1
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4 Lqwurgxfwlrq
Iru wzr qrq0qhvwhg prghov/ vd| s dqg }/ wzlfh wkh olnholkrrg udwlr vwdwlvwlf
As ’ 7,s  7,}c zkhuh ,s dqg ,} duh/ uhvshfwlyho|/ wkh revhuyhg phdqv ri wkh orj0
olnholkrrg dqg wkh svhxgr orj0olnholkrrg/ lv qrw dv|pswrwlfdoo| glvwulexwhg dv
d fkl0vtxduh udqgrp yduldeoh1 Iroorzlqj zrun e| Shvdudq dqg Shvdudq +4<<6,
dqg Zhhnv +4<<9,/ frpsxwdwlrqdo whfkqltxhv kdyh ehhq xvhg wr dhfw dgmxvw0
phqwv wr wkh whvw vwdwlvwlf lq rughu wr lpsuryh wkh qlwh vdpsoh vl}h dqg srzhu
surshuwlhv1 Krzhyhu/ wklv dssurdfk edvhg xsrq wkh Prglhg Olnholkrrg sulq0
flsoh dqg gxh wr wkh vhplqdo zrun ri Fr{ +4<94,/ lv vwloo uholdqw xsrq d uhihuhqfh
glvwulexwlrq zklfk lv ydolg dv|pswrwlfdoo|1 Lq dgglwlrq/ dv Ruph +4<<7, dwwhvwv/
wkh h{lvwhqfh ri d odujh qxpehu ri dv|pswrwlf htxlydohqw yduldqwv ri wkh Fr{
whvw vwdwlvwlf uhsuhvhqwv d iruplgdeoh phqx ri fkrlfhv iru wkh dssolhg hfrqrph0
wulfldq1 Lq wkh fdvh ri wkh qxphudwru/ ydulrxv whvw vwdwlvwlfv duh edvhg xsrq wkh
xvh ri glhuhqw frqvlvwhqw hvwlpdwruv ri wkh Nxooedfn0Ohleohu +NO, phdvxuh ri
forvhqhvv1 Dq dgglwlrqdo vhw ri yduldqwv ri wkh Fr{ whvw vwdwlvwlf ghshqg xsrq d
qxpehu ri dv|pswrwlfdoo| htxlydohqw zd|v ri hvwlpdwlqj wkh yduldqfh ri wkh whvw
vwdwlvwlf17 Lq wklv frqwh{w lw lv lpsruwdqw wr hpskdvlvh wkdw vlpxodwlrq lv xvhg
vlpso| wr surylgh dq hvwlpdwh ri wkh whvw vwdwlvwlf1 Qrqhwkhohvv/ Shvdudq dqg
4Ghsduwphqw ri Hfrqrplfv/ Txhhq Pdu|/ Xqlyhuvlw| ri Orqgrq1 Who= 353 :;;5 83<:
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6Zh zrxog olnh wr wkdqn Kdvkhp Shvdudq dqg Ohv Jrgiuh| iru frqvwuxfwlyh frpphqwv1
7Ruph +4<<7, suhvhqwv d ghwdlohg dqdo|vlv ri wkhvh yduldqwv1
5Shvdudq +4<<6, qrwh wkdw lq sulqflsoh lw vkrxog eh srvvleoh wr xvh wkh vlpxodwlrq
phwkrg erwk iru wkh frpsxwdwlrq ri wkh Fr{ vwdwlvwlf dqg iru d ghulydwlrq ri d
ehwwhu vpdoo vdpsoh dssur{lpdwlrq wr lwv glvwulexwlrq xqghu wkh qxoo +s1 6:;,1
Dq dowhuqdwlyh dssurdfk edvhg xsrq wkh vhplqdo zrun ri Hiurq +4<:<, zlwk
frqwulexwlrqv e| Kdoo +4<;9,/ Ehudq +4<;;,/ Klqnoh| +4<;;,/ dqg Frxoledo|
dqg Euruvhq +4<<:,/ dssolhv errwvwuds0edvhg surfhgxuhv wr hydoxdwh wkh dgh0
txdf| ri qrqqhvwhg prghov1 Lq wklv frqwh{w wkh irfxv lv xsrq fruuhfwlqj wkh
uhihuhqfh glvwulexwlrq udwkhu wkdq dgmxvwlqj wkh whvw vwdwlvwlf dqg xwlolvlqj olp0
lwlqj glvwulexwlrq dujxphqwv1 Wklv w|sh ri dgmxvwphqw fdq/ lq d qxpehu ri
fdvhv/ eh wkhruhwlfdoo| mxvwlhg wkurxjk Hgjhzruwk h{sdqvlrqv dqg xqghu fhu0
wdlq frqglwlrqv uhvxow lq lpsuryhphqwv ryhu fodvvlfdo dv|pswrwlf lqihuhqfh1 Wkh
h{lvwhqfh ri d odujh phqx ri eurdgo| htxlydohqw whvw vwdwlvwlfv lv dovr uhohydqw
lq wkh frqwh{w ri errwvwuds0edvhg lqihuhqfh1 Vxuyh|v e| Ylqrg +4<<6,/ Mhrqj
dqg Pdggdod +4<<6,/ dqg Ol dqg Pdggdod +4<<9,/ uhylhz d odujh qxpehu ri
yduldqwv lqfoxglqj wkh grxeoh/ uhfxuvlyh dqg zhljkwhg errwvwuds1 Kdoo +4<<;,
qrwhv wkdw lq pdq| dssolfdwlrqv wkh suhflvh qdwxuh ri wkh errwvwuds ghvljq lv
qrw vwdwhg1
Lq frqvlghulqj d qxpehu ri errwvwuds dqg dv|pswrwlf whvwv/ zh pdnh wkh
glvwlqfwlrq ehwzhhq slyrwdo dqg qrq0slyrwdo whvw vwdwlvwlfv1 D whvw vwdwlvwlf
lv slyrwdo li lw grhv qrw ghshqg rq xqnqrzq sdudphwhuv> lw lv dv|pswrwlfdoo|
slyrwdo li wklv frqglwlrq krogv rqo| dv|pswrwlfdoo|1 D qxpehu ri dxwkruv/ lq0
foxglqj Ehudq +4<;;,/ kdyh ghprqvwudwhg wkdw wkh errwvwuds glvwulexwlrq ri
dq dv|pswrwlfdoo| slyrwdo whvw vwdwlvwlf surylghv d forvhu dssur{lpdwlrq wr wkh
wuxh xqnqrzq glvwulexwlrq ixqfwlrq wkdq uvw0rughu fodvvlfdo dv|pswrwlfv1 Wklv
lv lq frqwudvw wr suhylrxv vwxglhv zklfk kdyh irfxvvhg rq wkh vxevwlwxwlrq ri
d fuxgh iuhtxhqf| vlpxodwru iru wkh riwhq lqwudfwdeoh Nxooedfn0Ohleohu +NO,
phdvxuh ri glvwdqfh ehwzhhq wzr ghqvlwlhv lq wkh frqwh{w ri cphdq dgmxvwlqj*
wkh OU vwdwlvwlf1 Djdlq/ iru wkh sxusrvh ri rxu dqdo|vlv/ wkh glvwlqfwlrq eh0
wzhhq zrunlqj zlwk d glhuhqw uhihuhqfh glvwulexwlrq dv rssrvhg wr dowhuqdwlyh
phwkrgv wr frqvwuxfw wkh whvw vwdwlvwlf lwvhoi/ lv fhqwudo1
Lq wklv sdshu zh xvh d frpelqdwlrq ri vlpxodwlrq dqg errwvwuds surfh0
gxuhv wr frqgxfw qrqqhvwhg k|srwkhvlv whvwv iru olqhdu dqg qrq0olqhdu prghov1
Iluvw/ zh whvw wkh olqhdu yhuvxv orjolqhdu uhjuhvvlrq prgho1 Wkh fkrlfh eh0
wzhhq olqhdu dqg orj0olqhdu uhjuhvvlrq prghov frqwlqxhv wr eh dq lpsruwdqw
6lvvxh iru wkh dssolhg hfrqrphwulfldq1 Lq jhqhudo hfrqrplf wkhru| kdv olwwoh wr
rhu dqg jlyhq wkdw wkh wzr prghov duh qrq0qhvwhg/ fodvvlfdo lqihuhqfh irxqghg
xsrq wkh orj0olnholkrrg udwlr vwdwlvwlf fdqqrw eh xwlolvhg1 Iroorzlqj Ehdxgu|
dqg Nrrs +4<<6d, dqg Ndshwdqlrv +4<<;,/ zh wkhq xvh erwk vlpxodwlrq dqg
errwvwuds whvwv wr glhuhqwldwh ehwzhhq d fodvv ri qrqqhvwhg wkuhvkrog prghov/
kljkoljkwlqj wkh shuirupdqfh ri wkh whvwv lq glvwlqjxlvklqj glhuhqw qrqolqhdu
phfkdqlvpv1 Wkuhvkrog prghov/ lqwurgxfhg dqg glvfxvvhg h{whqvlyho| e| Wrqj
+4<:;,/ Wrqj +4<;6,/ dqg Wrqj +4<<8, kdyh ehhq zlgho| xvhg dv d iudphzrun
iru h{dplqlqj wkh suhvhqfh ri qrqolqhdulw| lq hpslulfdo hfrqrphwulf prghov1
Wkh zlgh ydulhw| ri fodvvhv ri qrqolqhdu wkuhvkrog prghov qhfhvvlwdwhv wkh xvh
ri hydoxdwlrq surfhgxuhv wr frpsduh dqg glvfulplqdwh ehwzhhq wkhp1 Wr rxu
nqrzohgjh wklv vwxg| uhsuhvhqwv wkh uvw frpsdulvrq ri wkh surshuwlhv ri errw0
vwuds dqg vlpxodwlrq0edvhg whvwv dssolhg wr qrq0qhvwhg whvwv1 Pruh vshflfdoo|/
wkh ghvljq ri h{shulphqwv doorzv xv wr frpphqw rq wkh uhodwlyh shuirupdqfh ri
wkhvh wzr whvwlqj iudphzrunv dfurvv prghov zlwk ydu|lqj ghjuhhv ri qrqolqhdu0
lw|1 Lq wklv uhvshfw dowkrxjk wkh sulpdu| irfxv ri wkh sdshu lv xsrq wkh uhodwlyh
hydoxdwlrq ri vlpxodwlrq dqg errwvwuds0edvhg qrqqhvwhg surfhgxuhv lq whvwlqj
dfurvv d fodvv ri qrqolqhdu wkuhvkrog prghov/ wkh lqfoxvlrq ri d vlplodu dqdo|vlv
ri wkh pruh vwdqgdug olqhdu2orj0olqhdu prghov surylghv d srlqw ri frpsdulvrq1
Lq wkh uvw vhw ri h{shulphqwv lqyroylqj wkuhvkrog prghov zh h{dplqh
zkhwkhu qrqqhvwhg k|srwkhvhv whvwv fdq glvwlqjxlvk ehwzhhq d vlpsoh qrqolqhdu
prgho vxfk dv wkdw ghyhorshg e| Srwwhu +4<<8, dqg pruh uhdolvwlf pxowluhjlph
prghov1 Lq sduwlfxodu zh h{dplqh wkh vl}h dqg srzhu surshuwlhv ri d whvw ri d
wzr yhuvxv wkuhh uhjlph vhoi h{flwlqj wkuhvkrog dxwruhjuhvvlyh +VHWDU, prgho1
Lq wkh vhfrqg vhwxs wkh fkrlfh lv ehwzhhq d VHWDU wuhqg dqg dq HGWDU wuhqg
prgho zkhuh wkh olqhdu sduwv ri wkh prghov duh wkh vdph1
Lw lv lpsruwdqw wr hpskdvlvh wkdw lq wkh fdvh ri wzr dqg wkuhh uhjlph
VHWDU prghov qrqqhvwhg whvwlqj surylghv dq dowhuqdwlyh whvwlqj surfhgxuh
zkhq vrph sdudphwhuv duh qrw lghqwlhg xqghu wkh qxoo k|srwkhvlv +vhh Gdylhv
+4<::,,1 Wkh pdlq uhdvrq iru xwlolvlqj d qrqqhvwhg whvwlqj iudphzrun lq wklv
fdvh lv wkh gl!fxow| ri fduu|lqj rxw wkh qhvwhg whvw1 Wr vhh wklv qrwh wkdw wkh
vwdqgdug vroxwlrq wr wkh Gdylhv sureohp uhtxluhv prglfdwlrqv lq wklv lqvwdqfh
ehfdxvh hyhq wkh wkuhvkrog sdudphwhu zklfk lv lq sulqflsoh lghqwlhg xqghu wkh
qxoo k|srwkhvlv ri d wzr0uhjlph VHWDU prgho lv qrw nqrzq dqg qhhgv wr eh
7hvwlpdwhg1 Zh dovr qrwh lw lv srvvleoh wr frqvlghu prgho vhohfwlrq surfhgxuhv
wr glvwlqjxlvk ehwzhhq wkh fdvh ri 6 ’ 2 dqg 6 ’  ru hyhq wr hvwlpdwh
wkh qxpehu ri uhjlphv/ 61 Krzhyhu/ lq prwlydwlqj sdluzlvh frpsdulvrqv zh
dujxh wkdw wkh glvwlqfwlrq ehwzhhq 6 ’ 2 dqg 6 ’  fdq eh hfrqrplfdoo|
lpsruwdqw1 Iru h{dpsoh/ wkh xvh ri d 50uhjlph VHWDU prgho lq wkh prghoolqj
ri d pdfurhfrqrplf vhulhv gulyhq e| wkh exvlqhvv f|foh/ vxfk dv rxwsxw ru
xqhpsor|phqw/ kdv lpsolfdwlrqv zklfk duh txdolwdwlyho| glvwlqfw iurp wkh xvh ri
d 60uhjlph VHWDU prgho ru d VHWDU prghov zlwk 6 : 1 Wklv lv xqghuolqhg
lq wkh olwhudwxuh rq wkh dv|pphwu| ri wkh exvlqhvv f|foh ryhu uhfhvvlrqv dqg
h{sdqvlrqv zkhuh d 50uhjlph fkdudfwhulvdwlrq ri wkh exvlqhvv f|foh/ dv lq Srwwhu
+4<<8,/ lv mx{wdsrvhg zlwk d pxowl0uhjlph fkdudfwhulvdwlrq dv lq Vlfkho +4<<7,1
Lq xwlolvlqj errwvwuds whvwv rxu sulqflsdo remhfwlyh lv wr ghwhuplqh wkh h{0
whqw wr zklfk wkh frqvwuxfwlrq ri wkh hpslulfdo glvwulexwlrq ixqfwlrq ri wkh
whvw vwdwlvwlf uhsuhvhqwv dq lpsuryhphqw ryhu uvw0rughu dv|pswrwlf dssur{lpd0
wlrqv1 Wkh h{whqw wr zklfk wkh xvh ri errwvwuds surfhgxuhv wr dssur{lpdwh wkh
vdpsolqj glvwulexwlrq ri wkh olnholkrrg udwlr +OU, vwdwlvwlf hqdeohv d Eduwohww0
w|sh dgmxvwphqw wr wkh dv|pswrwlfv lv fhqwudo1 Lq hdfk fdvh zh xwlolvh uhvdp0
solqj wr frqvwuxfw wkh hpslulfdo ghqvlw| ri wkh olnholkrrg udwlr vwdwlvwlf/ dqg
frqvlghu d qxpehu ri yduldqwv ri errwvwuds vwdwlvwlfv1 Wkh uvw/ d qrq0slyrwdo
whvw vwdwlvwlf lv wkh dqdorj ri wkh shufhqwloh phwkrg iru wkh frqvwuxfwlrq ri
frqghqfh lqwhuydov1 Wkh rwkhu phwkrgv hpsor| vrph irup ri vwdqgduglvdwlrq
wr uhgxfh wkh ghshqghqfh ri wkh hpslulfdo glvwulexwlrq ixqfwlrq rq xqnqrzq
sdudphwhuv11Dq dowhuqdwlyh whvwlqj iudphzrun hpsor| vlpxodwlrq0edvhg phwk0
rgv wr surylgh frqvlvwhqw orfdwlrq dqg vfdoh dgmxvwphqwv wr wkh OU vwdwlvwlf1
Lq wklv lqvwdqfh zh xwlolvh vlpxodwlrq lq wkh frqvwulfwlrq ri d qxpehu ri dowhu0
qdwlyh whvw vwdwlvwlfv/ zklovw uho|lqj xsrq dv|pswrwlf dujxphqwv dv d edvlv iru
lqihuhqfh1
Wkh rxwolqh ri wkh sdshu lv dv iroorzv1 Lq Vhfwlrq 5 zh prwlydwh wkh dqdo|vlv
e| surylglqj d eulhi ryhuylhz ri vrph nh| lvvxhv lq wkh frqvwuxfwlrq ri errwvwuds
whvw vwdwlvwlfv1 Lq sduwlfxodu zh h{dplqh wkh glvwlqfwlrq ehwzhhq vlpxodwlrq dqg
errwvwuds huuru1 Lq Vhfwlrq 6 zh suhvhqw wkh vwuxfwxuh ri wkh Fr{ whvw vwdwlvwlf
dqg lq grlqj vr kljkoljkw wkh frpsxwdwlrqdo gl!fxowlhv lqyroyhg lq wkh xvh ri
Fr{*v qrq0qhvwhg whvw1 Vhfwlrq 7 suhvhqwv uhvxowv iru whvwlqj olqhdu dqg orj0
olqhdu uhjuhvvlrq prgho xwlolvlqj d qxpehu ri dv|pswrwlf dqg errwvwuds whvw
8vwdwlvwlfv1 Lq Vhfwlrq 8 zh lqwurgxfh d qxpehu ri qrqolqhdu wkuhvkrog prghov
dqg h{dplqh wkh qlwh vdpsoh shuirupdqfh ri wkh vdph vhw ri whvw vwdwlvwlfv1
5 Errwvwuds Vwdwlvwlfv
Wkh errwvwuds glvwulexwlrq ri d vwdwlvwlf fdq eh ghqhg dv wkh h{dfw qlwh vdp0
soh glvwulexwlrq ixqfwlrq hydoxdwhg dw dq hvwlpdwh ri wkh xqnqrzq sdudphwhuv1
Dv glvfxvvhg e| Vlqjk +4<;4,/ Kdoo +4<;9,/ Kdoo +4<<5, dqg Eurzq +5333,/ errw0
vwudsslqj d vwxghqwl}hg vwdwlvwlf wkdw lv dv|pswrwlfdoo| slyrwdo zloo surylgh d
forvhu dssur{lpdwlrq wr wkh wuxh glvwulexwlrq wkdq wkh vwdqgdug olplwlqj glvwul0
exwlrq/ zlwk fryhudjh glhulqj iurp wkh qrplqdo ohyho e| rqo| RE?
3 lqvwhdg
ri RE?
3*2/ iru lqghshqghqw revhuydwlrqv1 Kduwljdq +4<;9,/ Kdoo +4<;;, dqg
Ehudq +4<;;, dgyrfdwh wkh xvh ri slyrwlqj8 dv d ghylfh wr uhgxfh wkh huuru lq
uhmhfwlrq suredelolw|1 Dowkrxjk pxfk ri wkh dv|pswrwlf wkhru| iru wkh errw0
vwuds kdv ehhq ghyhorshg iru wkh frqvwuxfwlrq ri frqghqfh lqwhuydov/ wkh zhoo
nqrzq gxdolw| ehwzhhq k|srwkhvlv whvwlqj dqg frqghqfh lqwhuydov jxdudqwhhv
wkdw dq| udqnlqj ri errwvwuds yduldqwv iru frqghqfh lqwhuydov zloo krog lq wkh
fdvh ri k|srwkhvlv whvwlqj1
Wkh gudzedfn ri wklv phwkrg kdv ehhq qrwhg e| d qxpehu ri dxwkruv lq0
foxglqj Wlevkludql +4<;;, dqg pruh uhfhqwo| Krurzlw} +4<<8,1 Wkh sulqflsdo
glvdgydqwdjh lv wkdw vwxghqwl}lqj uhtxluhv dq hvwlpdwh ri wkh vwdqgdug ghyl0
dwlrq ri wkh whvw vwdwlvwlf zklfk lq vrph fdvhv fdq uhsuhvhqw d srru dssur{l0
pdwlrq wr wkh wuxh ydoxh1 Ixuwkhu/ d slyrwlqj surfhgxuh dgyrfdwhg e| Ehudq
+4<;;, uhtxluhv wkh xvh ri dq lqqhu errwvwuds orrs dqg dv vxfk wkhuh lv dq
reylrxv wudgh0r ehwzhhq uhgxfwlrq lq dssur{lpdwlrq huuru dqg wkh dwwhqgdqw
frpsxwdwlrqdo exughq1 Lq dgglwlrq/ zh qrwh wkdw wkh dv|pswrwlf wkhru| lv
qrw lqirupdwlyh lq wkh devhqfh ri slyrwdoqhvv1 Vlqfh lq prvw fdvhv vwdwlvwlfv
duh rqo| dv|pswrwlfdoo| slyrwdo/ wkhq idfhg zlwk d qlwh vdpsoh wkhuh lv qr
wkhru|0edvhg udqnlqj iru slyrwdo yhuvxv qrq0slyrwdo errwvwuds vwdwlvwlfv1
8Qrwh wkh glhuhqfh ehwzhhq slyrwlqj zklfk uhihuv wr dssursuldwho| vwdqgduglvlqj d vwdwlv0
wlf wr uhqghu lw slyrwdo +ru dv|pswrwlfdoo| slyrwdo, dqg suhslyrwlqj1 Suhslyrwlqj kdv ehhq
vxjjhvwhg e| Ehudq +4<;;, dqg lqyroyhv errwvwudsslqj wkh fxpxodwlyh glvwulexwlrq ixqfwlrq
ri d vwdwlvwlf udwkhu wkdq wkh vwdwlvwlf lwvhoi1 Suhslyrwlqj kdv ehhq vkrzq wr lpsuryh wkh
dv|pswrwlf shuirupdqfh ri wkh errwvwuds rq dv|pswrwlfdoo| slyrwdo vwdwlvwlfv1
9Lq d uhfhqw sdshu Nloldq +4<<;, kljkoljkwv wkh shufhswlrq wkdw iroorzlqj wkh
vhplqdo zrun ri Vlqjk +4<;4, dqg d frpsuhkhqvlyh vxppdu| e| Kdoo +4<<5,
uhylhzlqj wkh dv|pswrwlf wkhru| iru errwvwuds whvwv/ wkh xvh ri slyrwdo vwdwlvwlfv
fdq rqo| uhgxfh dssur{lpdwlrq huuru1 Kdoo dqgZlovrq +4<<4,/ Jlhuvehujhq dqg
Nlyhw +4<<6,/ dqg Ol dqg Pdggdod +4<<9,/ qrwh wkdw wkh phqx ri errwvwuds0
edvhg whvw vwdwlvwlfv h{whqgv eh|rqg wkh vlpsoh slyrwdo2qrq0slyrwdo glfkrwrp|1
Lq wklv frqwh{w zh eholhyh wkdw lv lqvwuxfwlyh wr h{dplqh wkhvh lvvxhv lq wkh
ghvljq ri errwvwuds0edvhg k|srwkhvlv whvwv1
514 Errwvwuds Ghvljq
Iru wkh sxusrvhv ri glvfxvvlrq zh uvw lqwurgxfh vrph dgglwlrqdo qrwdwlrq1 Ohw
" ’ E%c c %? ghqrwh d udqgrp vdpsoh ri vl}h ? gudzq iurp 8 E%( zkhuh
8 uhsuhvhqwv wkh srsxodwlrq glvwulexwlrq ixqfwlrq1 Iru vlpsolflw| zh dvvxph
wkdw 8 E%( ’ E>c j2 zlwk  ’ i>c j2j1 Xvlqj wklv gdwd zh zdqw wr qg dq
hvwlpdwh ri wkh vdpsoh phdq/ e>/ dqg hydoxdwh lwv dffxudf| dv dq hvwlpdwh ri
> Li zh zlvk wr frqgxfw k|srwkhvlv whvwv ri wkh irup Mf G > ’ >f wkhq d whvw
vwdwlvwlf vxfk dv
’ ’ ’E" ’ ?

2 Ee> >f*jc +4,
zkrvh glvwulexwlrq xqghu Mf lv +dv|pswrwlfdoo|, lqghshqghqw ri c zloo suryh
xvhixo1 Li zh xvh errwvwuds surfhgxuhv wkhq iru "Wo ’ E%
W
c c %
W
?
 htxdo wr
wkh o| duwlfldo vdpsoh ri vl}h ? +frqglwlrqdo rq wkh wwhg qxoo prgho, iurp
8 E%( 	c wkh vdpsoh glvwulexwlrq ixqfwlrq ri wkh whvw vwdwlvwlf/ wkhq ’W ’ ’E"W
lv wkh errwvwuds dqdorj ri ’c zlwk ’Wo ’ ’E"
W
o ghqrwlqj wkh dvvrfldwhg whvw
vwdwlvwlf iru wkh o| uhsolfdwlrq1 Wkh glvwulexwlrq ixqfwlrq ri ’W/ ghqrwhg
MEc ec lv wkh errwvwuds hvwlpdwru iru wkh qxoo glvwulexwlrq9 ri ’/ MEc1 Dq
hvwlpdwh ri MEc e lv edvhg xsrq - lqghshqghqw uhdolvdwlrqv ’Wc c ’W-1
Wkh lpsruwdqfh ri errwvwuds ghvljq kdv ehhq glvfxvvhg e| Kdoo dqg Zlovrq
+4<<4,1 Iru h{dpsoh/ lq whvwlqj Mf djdlqvw M G > 9’ >fc wkh dxwkruv qrwh wkdw
wkh errwvwuds glvwulexwlrq ri ’W ’
s
?E	>W  	>*	jW lv d ehwwhu dssur{lpdwlrq
wr wkh glvwulexwlrq ri ’ ’
s
?E	> >f*	j xqghu Mf wkdq 7W ’ 	>W  	> lv wr wkh
9Zh vxssuhvv wkh ghshqghqfh ri wkh glvwulexwlrqv rq q lq rughu wr plqlplvh qrwdwlrqdo
exughq1
:glvwulexwlrq ri 7 ’ 	>  >f1 Wklv iroorzv vlqfh wkh dv|pswrwlf glvwulexwlrq ri
erwk 7 dqg 7W duh vfdoh ghshqghqw zkhuh wkh pdjqlwxgh ri wkh vfdoh lv olnho|
wr eh glhuhqw1 Wkh juhdwhu wklv glhuhqfh wkh kljkhu wkh huuru lq uhmhfwlrq
suredelolw| vlqfh 7W idlov wr dssur{lpdwh 7 Vlploduo| lw lv uhfrpphqghg wkdw
vwxghqwl}lqj eh dfklhyhg xvlqj
s
?E	>W	>*	jW udwkhu wkdqs?E	>W	>*	j Wklv lv
edvhg xsrq d uhfrjqlwlrq wkdw lq wkh iruphu whvw vwdwlvwlf ejW lv d ehwwhu hvwlpdwh
ri wkh vwdqgdug ghyldwlrq ri e>W Dgglwlrqdoo|/ dv Kdoo +4<<5, qrwhv/ wkh ghvljq
ri wkh errwvwuds dhfwv wkh uhmhfwlrq suredelolw| ri wkh whvw xqghu M dv zhoo
dv xqghu Mf1 Zkhq 	> lv xvhg wr frqvwuxfw wkh errwvwuds vdpsohv wkhq wkh
errwvwuds whvw vwdwlvwlf vkrxog eh
s
?E	>W  	>*	jW udwkhu wkdq s?E	>W  >f*	jW
vlqfh wkh odwwhu vwdwlvwlf ohdgv wr d surfhgxuh zlwk }hur orfdo dv|pswrwlf srzhu1
Zh dovr hpskdvlvh wkdw slyrwlqj fdq eh dffrpsolvkhg h{dfwo| rqo| lq vlpsoh
fdvhv +l1h1 dv deryh,1 Lq doo rwkhu fdvhv/ wkh slyrwlqj lv dv|pswrwlf dqg lq wklv
vhqvh zh uhihu wr dv|pswrwlfdoo| slyrwdo whvwv1
515 Vlpxodwlrq yhuvlrq Errwvwuds Huuru
Eurzq +5333,/ lq qrwlqj wkh olplwdwlrqv ri errwvwuds surfhgxuhv/ gudzv dq
lpsruwdqw glvwlqfwlrq ehwzhhq vlpxodwlrq dqg errwvwuds dssur{lpdwlrq huuru1
Wkh glvwlqfwlrq ehwzhhq wkhvh wzr w|shv ri huuru kdv dovr ehhq pdgh e| Gdyl0
vrq dqg Klqnoh| +4<<:,1 Wkh wzr w|shv ri huuru uhsuhvhqw wkh wrwdo huuru lq
frqvwuxfwlqj wkh h{dfw qlwh vdpsoh glvwulexwlrq ri wkh vwdwlvwlf ri lqwhuhvw1
Errwvwuds ru vwdwlvwlfdo huuru ghulyhv iurp uhvdpsolqj iurp wkh glvwulexwlrq
ixqfwlrq 8 E%( ec udwkhu wkdq wkh srsxodwlrq glvwulexwlrq ixqfwlrq 8 E%(1
Iru odujh ?/ 8 E%( e 2 8 E%(/ wkhuhe| jxdudqwhhlqj wkdw wkh glvwulexwlrq ri
’E"W lv forvh wr wkdw ri ’E"1 Vlpxodwlrq huuru zloo eh lqwurgxfhg vlqfh wkh
hvwlpdwh ri wkh errwvwuds glvwulexwlrq ri ’E"W zloo eh rewdlqhg iurp d qlwh
qxpehu ri uhsolfdwlrqv1 Iru h{dpsoh/ zlwk wkh wuxh glvwulexwlrq ri wkh whvw
vwdwlvwlf ghqrwhg e| ME%(c dqg wkh errwvwuds glvwulexwlrq e| ME%( e/ wkh
glhuhqfh ehwzhhq wkh wzr lv wkh errwvwuds huuru1 Dq hvwlpdwh ri wkh errwvwuds
glvwulexwlrq ri ME%( e lv surylghg e| 
-
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: dqg wkh glhuhqfh
ehwzhhq wkhvh wzr glvwulexwlrqv lv wkh vlpxodwlrq huuru zklfk whqgv wr }hur dv
- whqgv wr lqqlw|1 Eurzq +5333, qrwhv wkdw lq pdq| dssolfdwlrqv vlpxodwlrq
:
4+=, ghqrwhv wkh lqglfdwru ixqfwlrq1
;dssur{lpdwlrq huuru fdq eh vljqlfdqw dqg pd| grplqdwh errwvwuds huuru1
Wkrxjk wkh uhodwlyh lpsruwdqfh ri vlpxodwlrq huuru lv olnho| wr ydu| dfurvv
dssolfdwlrqv/ d qxpehu ri jhqhudo frpphqwv fdq eh pdgh1 Iluvw/ lw lv olnho| wkdw
li wkh hvwlpdwhg prgho ghshqgv xsrq d odujh qxpehu ri fryduldqfh sdudphwhuv/
wkhq vlpxodwlrq huuru zloo eh odujh1 Vhfrqg/ wkh frqvwuxfwlrq ri d slyrwdo whvw
vwdwlvwlf edvhg xsrq d grxeoh errwvwuds dorqj wkh olqhv ri Ehudq +4<;;, dqg
Frxoledo| dqg Euruvhq +4<<:,/ zloo lqwurgxfh frpsrxqghg vlpxodwlrq huuru1
Eurzq +5333, vkrzv wkdw iru slyrwdo vwdwlvwlfv jhqhudwhg e| d qhvwhg errwvwuds/
lw lv qhfhvvdu| wkdw- A ?2 E? iru wkh lqqhu +rxwhu, orrs/ jlylqj d wrwdo qxpehu
ri vlpxodwlrqv htxdo wr ?D1
6 Wkh Vwuxfwxuh ri wkh Fr{ Whvw Vwdwlvwlf
Wkh hvvhqfh ri wkh Fr{ qrq0qhvwhg whvw lv wkdw wkh phdq dgmxvwhg udwlr ri
wkh pd{lplvhg orj0olnholkrrgv ri wzr qrq0qhvwhg prghov kdv d zhoo ghqhg
olplwlqj glvwulexwlrq xqghu wkh qxoo k|srwkhvlv1 Ehorz zh lqwurgxfh qrwdwlrq
dqg suhvhqw wkh irup ri wkh Fr{ whvw vwdwlvwlf1 Zh gr qrw ghulyh wkh olplwlqj
glvwulexwlrq ri wkh whvw vwdwlvwlf vlqfh wklv kdv ehhq grqh hovhzkhuh +vhh Shvdudq
+4<;:e,,1;
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Iluvw/ zh ghqrwh wzr ulydo +frqglwlrqdo, qrqqhvwhg prghov e|
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zkhuh  dqg  duh uhvshfwlyho| &s dqg &} yhfwruv ri xqnqrzq sdudphwhuv eh0
orqjlqj wr wkh qrq0hpsw| frpsdfw vhwv X dqg \/ dqg zkhuh  dqg 3 uhsuhvhqw
wkh frqglwlrqlqj yduldeohv1 Iru wkh vdnh ri qrwdwlrqdo vlpsolflw| zh vkdoo dovr
xvh sE dqg }E lq sodfh ri sE)m c dqg }E)m3c/ uhvshfwlyho|1
Erwk sE dqg }E ghqh d idplo| ri glvwulexwlrqv ryhu wkh uhvshfwlyh sd0
udphwhu vsdfhv/ X dqg \ Vshfli|lqj Ms wr eh wkh qxoo k|srwkhvlv/ sE+mf
;Iru ixuwkhu glvfxvvlrq rq qrq0qhvwhg whvwv dqg lq sduwlfxodu wkh Fr{ whvw vwdwlvwlf/ vhh
Shvdudq dqg Zhhnv +5333,1
<dqg }E+mEf ghqrwh wkh uhvshfwlyh wuxh dqg svhxgr0wuxh prghov1 Dvvxplqj
dq lqghshqghqw dqg lghqwlfdoo| glvwulexwhg vdpsoh ri ? revhuydwlrqv/ wkh orj0
olnholkrrg iru wkh uhvshfwlyh vdpsohv pd| eh zulwwhq ,sE ’

?
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’ *L} sE
dqg ,}E ’

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’ *L} }E1
Li sE dqg }E duh qrq0qhvwhg ghqvlwlhv wkhq wkh h{shfwdwlrq
.s d,sE ,}Eoc +5,
grhv qrw hydoxdwh wr }hur1 Fr{ +4<94/4<95, sursrvhg d surfhgxuh vxfk wkdw
d prglhg orj0olnholkrrg udwlr kdv d zhoo0ghqhg olplwlqj glvwulexwlrq1 Wkh
xvh ri wklv vwdwlvwlf lq dssolhg zrun kdv ehhq olplwhg wr d uhvwulfwhg qxpehu ri
dssolfdwlrqv gxh wr wzr sulqflsdo sureohpv1 Iluvw/ lq rughu wr hvwlpdwh +5, zh
uhtxluh d frqvlvwhqw hvwlpdwh ri wkh svhxgr wuxh ydoxh/ Ef Vhfrqg/ lq prvw
fdvhv hyhq jlyhq vxfk dq hvwlpdwh/ wkh h{shfwdwlrq zloo vwloo eh lqwudfwdeoh<1
Xvlqj wkh qrwdwlrq vhw rxw deryh zh pd| zulwh wkh qxphudwru ri wkh Fr{
whvw vwdwlvwlf dv
As ’ ,sEe ,}Ee s}Eec hc +6,
Wkh odvw whup rq wkh uljkw0kdqg vlgh ri +6,/ s}Eewc / uhsuhvhqwv d frqvlv0
whqw hvwlpdwru ri s}EfcEf/ wkh NO phdvxuh ri forvhqhvv ri sE dqg }E
xqghu s zklfk lv htxdo wr wkh h{shfwdwlrq lq +5,1 Wklv pd| eh zulwwhq dv
s}Eec h ’ .s d,sEe  ,}Eho/ dqg lv dq hvwlpdwru ri wkh glhuhqfh ehwzhhq
wkh h{shfwhg ydoxh ri wkh wzr pd{lplvhg orj0olnholkrrgv xqghu wkh glvwulex0
wlrq jlyhq e| sE> h lv dq| frqvlvwhqw hvwlpdwru iru bEf1 Zhhnv +4<<;,
lq whvwlqj surelw dqg orjlw prghov ri glvfuhwh fkrlfh/ glvwlqjxlvkhg ehwzhhq
wkuhh yduldqwv/ h ’ iec-Eecj= e lv wkh revhuyhg svhxgr pd{lpxp olnhol0
krrg hvwlpdwru +POH,/ -Ee ’ *-S-o’ eoEe lv d vlpxodwlrq0edvhg hvwlpd0
wru zkhuh eoEe uhsuhvhqwv wkh vroxwlrq wr o}6@%biuo}Ej zkhuh uo}E ’S?
’ *? }E)
o
 E	m3c/ )o E	 lv wkh o| gudz ri ) xqghu Ms xvlqj ec dqg -
lv wkh qxpehu ri vlpxodwlrqv1 Qrwh wkdw iru erwk ? $ 4 dqg A $ 4 wkhq
s*4-Ee ’ Ef  lv gxh wr Nhqw +4<;9, dqg lv dq hvwlpdwru ghulyhg iurp
pd{lplvlqj wkh wwhg orj0olnholkrrg1
<Dq h{fhswlrq lv wkh dssolfdwlrq ri wkh Fr{ whvw wr erwk elqdu| dqg pxowlqrpldo surelw
dqg orjlw prghov1 Lqghshqghqw ri wkh glphqvlrq ri wkh fkrlfh vhw/ wkh h{shfwhg glhuhqfh
ehwzhhq wkh wzr orj0olnholkrrgv xqghu wkh qxoo kdv d uhodwlyho| vlpsoh/ forvhg irup h{suhvvlrq1
43
Lq wklv vwxg| zh xwlolvh errwvwuds surfhgxuhv wr frqvwuxfw wkh hpslulfdo
glvwulexwlrq ixqfwlrq ri wkh Fr{ whvw vwdwlvwlf/ dqg vlpxodwlrq phwkrgv wr hydo0
xdwh wkh h{shfwdwlrq lq +5, dsso|lqj wkhvh phwkrgv wr whvwlqj olqhdu yhuvxv
orjolqhdu prghov/ wzr yhuvxv wkuhh uhjlph VHWDU prghov/ dqg VHWDU wuhqg
yhuvxv HGWDU wuhqg prghov1 Iru doo fdvhv/ wkh Nxooedfn0Ohleohu phdvxuh ri
forvhqhvv fdqqrw eh ghulyhg dqdo|wlfdoo|1
D vlpxodwlrq0edvhg hvwlpdwru ri s}Eec  kdv ehhq vxjjhvwhg e| Shvdudq
dqg Shvdudq +4<<6, dqg lv jlyhq e|
s}c-Eec b-Ee ’ 
-
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Reylrxvo| wkh xvh ri errwvwuds whvwlqj surfhgxuhv xvlqj d qrq0slyrwdo vwdwlvwlf
grhv qrw uhtxluh wkh phdq dgmxvwphqw idflolwdwhg e| +7,1 Krzhyhu/ slyrwdo +ru
errwvwuds0w, surfhgxuhv uhtxluh erwk phdq dqg yduldqfh dgmxvwphqwv lq rughu
wr hhfw dv|pswrwlf slyrwdoqhvv1 Lq wklv frqwh{w +7, uhsuhvhqwv rqh dssurdfk
wr fhqwulqj wkh orj0olnholkrrg udwlr vwdwlvwlf/ zkhuhe| erwk e dqg -Ee duh
wuhdwhg dv {hg sdudphwhuv1 Dq dowhuqdwlyh phwkrg ri phdq dgmxvwphqw lv
jlyhq e| wkh iroorzlqj hvwlpdwru ri NOLF
s}c-Eec    c e-c eEec    c eb-Ee ’ 
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E,sEeo ,}EeoEec +8,
zkhuh wkh sdudphwhu dujxphqwv wr erwk ,sE dqg ,}E duh doorzhg wr ydu|
dfurvv hdfk o| uhsolfdwlrq143 Zh h{dplqh wkh vpdoo vdpsoh surshuwlhv ri wkh
Fr{ whvw vwdwlvwlf xvlqj erwk +7, dqg +8,1
Lq h{dplqlqj wkh yduldqfh ri wkh olplwlqj glvwulexwlrq ri
s
?As xqghu Ms /
ghqrwhg sEfcf/ zh xwlolvh d ghfrpsrvlwlrq hpsor|hg e| Ruph +4<<7,
s ’ @oE SJE(cLE@oEL3SJE(cLc +9,
zkhuh @oE uhsuhvhqwv wkh yduldqfh ri wkh revhuyhg orj0olnholkrrg udwlr dqg
( dqg L duh jlyhq e|
( ’ ,sEf ,}EEf
43Vhh Frxoledo| dqg Euruvhq +4<<:,1
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Dv Shvdudq dqg Shvdudq +4<<8, qrwh/ wkh vhfrqg whup rq wkh uljkw kdqg
vlgh ri +9, uhsuhvhqwv wkh vdpsolqj xqfhuwdlqw| dvvrfldwhg zlwk wkh sdudphwhuv
hvwlpdwhg xqghu wkh qxoo1 Lq dq dssolfdwlrq ri wkh Fr{ whvw surfhgxuh wr d
whvw olqhdu dqg orj0olqhdu prghov/ wkh dxwkruv frqvlghu wkuhh DH yhuvlrqv ri
s 1 Wzr ri wkhvh h{sorlw wkh lqirupdwlrq htxdolw|= dq rxwhu0surgxfw hvwlpdwru
fdofxodwlqj wkh yduldqfh ri L xvlqj
.s di Y
Y
*L} sE+mf Y
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*L} sE+mfjo( +;,
dqg dq hvwlpdwru xvlqj
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Wkh dgydqwdjh ri +;, lv wkdw lw rqo| uhtxluhv hydoxdwlrq ri wkh yhfwru ri vfruhv
+iru hdfk vdpsoh srlqw,1 Wklv lv sduwlfxoduo| lpsruwdqw lq wkh fdvh ri kljko|
qrq0olqhdu prghov zkhuh wkh hydoxdwlrq ri wkh pdwul{ ri vhfrqg ghulydwlyhv ri
wkh orj0olnholkrrg lv hvshfldoo| exughqvrph144 Wkh glvdgydqwdjh ri wklv phwkrg
lv wkh zhoo nqrzq srru qlwh vdpsoh surshuwlhv ri yduldqfh hvwlpdwruv edvhg
xsrq wkh rxwhu0surgxfw ri wkh judglhqw +vhh Gdylgvrq dqg PdfNlqqrq +4<;4,,1
Zh dovr qrwh wkdw wkh hvwlpdwh ri wkh yduldqfh edvhg rq +<, pd| eh qhjdwlyh
lq vpdoo vdpsohv1
D wklug DH ri wkh yduldqfh ri wkh Fr{ whvw vwdwlvwlf xwlolvhv rqo| wkh uvw
whup lq +9,/ dqg wkxv ljqruhv wkh yduldqfh frpsrqhqw gxh wr wkh vdpsolqj xq0
fhuwdlqw| ri wkh hvwlpdwhg sdudphwhuv xqghu wkh qxoo prgho1 Lq d frpsdulvrq
ri wkh shuirupdqfh ri wkh Fr{ whvw xvlqj wkhvh wkuhh glhuhqw hvwlpdwruv iru wkh
yduldqfh/ Shvdudq dqg Shvdudq qg wkdw wklv sduwlfxodu yhuvlrq h{klelwv vxsh0
ulru shuirupdqfh uhodwlyh wr hvwlpdwruv edvhg xsrq dq RSJ dqg dq revhuyhg
Khvvldq hvwlpdwru1
Zh dovr frqvlghu d vlpxodwlrq0edvhg hvwlpdwru ri wkh yduldqfh zklfk xwlolvhv
wkh lqirupdwlrq frqwdlqhg lq wkh - uhsolfdwlrqv xvhg wr phdq dgmxvw wkh Fr{
whvw vwdwlvwlf dv lq +7, dqg +8,1 Qrwh wkdw e| xvlqj wkh - frpsrqhqwv ,sEeo
44Lq dgglwlrq/ pdq| rswlplvdwlrq urxwlqhv wkdw duh frpprqo| xvhg lq wkhvh prghov +l1h1
H1U1 Ehuqgw +4<:7,, uho| vroho| xsrq wkh judglhqw ri wkh orj0olnholkrrg1
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,}EeoEe zh fdq frqvwuxfw d yduldqfh hvwlpdwru xvlqj
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+43,
+43, uhsuhvhqwv d qxphulfdo hvwlpdwru ri wkh yduldqfh xvlqj wkh vhw ri vlpxodwhg
orj0olnholkrrg udwlrv zklfk zhuh xvhg wr frqvwuxfw wkh qxphudwru ri wkh Fr{
whvw vwdwlvwlf xvlqj hlwkhu +7, ru +8,1
615 Uhvdpsolqj wkh Olnholkrrg Udwlr Vwdwlvwlf
Xwlolvlqj d sdudphwulf errwvwuds zh suhvhqw ehorz d vlpsoh dojrulwkp iru uh0
vdpsolqj wkh olnholkrrg udwlr vwdwlvwlf zklfk zh xvh wr frqvwuxfw wkh hpslulfdo
glvwulexwlrq ixqfwlrq ri wkh whvw vwdwlvwlf1 Iru wkh sxusrvh ri h{srvlwlrq wkh
dojrulwkp lv suhvhqwhg iru wkh qrq0slyrwdo errwvwuds1
41 Jhqhudwh - vdpsohv ri vl}h ? e| vdpsolqj iurp wkh wwhg qxoo prgho
sEe +o ghqrwhv wkh wk revhuydwlrq iru wkh owk errwvwuds0vdpsoh1
51 Iru hdfk owk vdpsoh wkh sdlu +eoc eo uhsuhvhqw wkh sdudphwhu hvwlpdwhv
rewdlqhg e| pd{lplvlqj wkh orj olnholkrrgv1
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Wkh vlpxodwhg orj olnholkrrg udwlr vwdwlvwlf lv wkhq
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61 E| frqvwuxfwlqj wkh hpslulfdo fgi zh fdq frpsduh wkh revhuyhg whvw
vwdwlvwlf/ As ’ ,sEe  ,}Eec zlwk fulwlfdo ydoxhv rewdlqhg iurp wkh -
lqghshqghqw +frqglwlrqdo, uhdolvdwlrqv ri A os 1 Wkh s0ydoxh rewdlqhg iurp
wkh errwvwuds surfhgxuh lv wkhq jlyhq e|45
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 n
-S
o’
EA os  As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 +45,
45Li W lv glvfuhwh wkhq uhshdw ydoxhv ri W fdq rffxu uhtxlulqj wkdw zh pdnh dq dgmxvwphqw
wr +45,1
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Wkh errwvwuds surfhgxuh rxwolqhg deryh vlpso| uhvdpsohv wkh olnholkrrg
udwlr vwdwlvwlf zlwkrxw slyrwlqj1 Dv glvfxvvhg lq Vhfwlrq 5 wkhuh duh d qxpehu
ri dowhuqdwlyh whvw vwdwlvwlfv zklfk duh frqmhfwxuhg wr uhsuhvhqw dq lpsuryhphqw
ryhu fodvvlfdo uvw rughu phwkrgv1 Wdeoh 4 vxppdulvhv wkh vhw ri whvw vwdwlvwlfv
xvhg lq erwk hpslulfdo dssolfdwlrqv1 Zh qrwh wkdw Wdeoh 4 lqfoxghv wzr slyrwdo
errwvwuds whvw vwdwlvwlfv  dqg (1  E( lv edvhg xsrq d vlqjoh +grxeoh,
errwvwuds ghvljq1 Wr kljkoljkw wkh glvwlqfwlrq ehwzhhq wkhvh wzr ghvljqv zh
frqvlghu wkh iroorzlqj dojrulwkp1
Rxwhu orrs
Ohw )c c)- ghqrwh - errwvwuds vdpsohv ri vl}h ?/ hdfk frqglwlrqdo xsrq wkh
wwhg qxoo prgho sEe1  o ghqrwhv dq hvwlpdwh ri wkh prglhg olnholkrrg
udwlr vwdwlvwlf xvlqj wkh o| errwvwuds vdpsoh1 Qrwh wkdw iru hdfk o|
uhsolfdwlrq wkh phdq dgmxvwphqw lq  lv wkh vdph dv  o1 Wkhuhiruh
dowkrxjk wkh vfdodu phdq dgmxvwphqw  ’ 
-
S
d,os  ,o}o uhsuhvhqwv dq
xqeldvhg hvwlpdwh ri .s d,s  ,}o frqglwlrqdo xsrq ewc lw lv qrw xqeldvhg
iru .os d,
o
s  ,o}o Wklv lv ehfdxvh wkh revhuyhg frpsrqhqw ri wkh errwvwuds
whvw vwdwlvwlf  o lv frqvwuxfwhg xvlqj sdudphwhuv eo dqg eo vxfk wkdw d
frqvlvwhqw hvwlpdwh ri wkh NO phdvxuh lv ko ’ 
u
Pd,,s ,,}o zkhuh , lqgh{hv
d vhfrqg urxqg ri u uhsolfdwlrqv1 Xqolnh  / ko ydulhv dfurvv uhsolfdwlrqv1
Lqqhu orrs
Iru hdfk o| errwvwuds vdpsoh/ ohw )o c )ou uhsuhvhqw u dgglwlrqdo errwvwuds
vdpsohv/ frqglwlrqdo xsrq wkh vlpxodwhg wwhg qxoo prgho +l1h1 xvlqj
sEeo ,o,s E,o,}  lq (o duh/ uhvshfwlyho|/ wkh phdq orj0olnholkrrg +svhxgr
orj0olnholkrrg, iru wkh ,wk lqqhu0orrs frqglwlrqdo xsrq eo
Wkh sulqflsdo glvwlqfwlrq ehwzhhq wkh whvw vwdwlvwlfv  dqg( lv wkdw iru wkh
odwwhu wkh frqvwuxfwlrq ri wkh errwvwuds vwdwlvwlf(o uhsolfdwhv wkh frqvwuxfwlrq
ri wkh whvw vwdwlvwlf h{dfwo|1 Lq idfw/ wkh glvwlqfwlrq ehwzhhq wkhp lv vlplodu wr
wkh glvwlqfwlrq ehwzhhq wkh A dqg A W whvw vwdwlvwlfv suhvhqwhg lq Vhfwlrq 5141
Jlyhq wkh wkhruhwlfdo dujxphqwv suhvhqwhg/ ( vkrxog eh suhihuuhg ryhu  1
Krzhyhu/ wkhuh lv dq reylrxv wudgh0r ehwzhhq dq| ehqhwv dffuxlqj wr wkh
vl}h dqg srzhu surshuwlhv dqg wkh frpsxwdwlrqdo frvw ri d grxeoh errwvwuds1
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Wdeoh 4= Olnholkrrg Udwlr Whvwv= Errwvwuds dqg Dv|pswrwlf
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Iroorzlqj wkh glvfxvvlrq lq Vhfwlrq 614 zh dovr frqvlghu d qxpehu ri dowhu0
qdwh hvwlpdwruv iru wkh yduldqfh ri wkh Fr{ whvw vwdwlvwlf iru wkh dv|pswrwlf
whvwv1 Lq wkh wdeohv wkdw iroorz eTJR ghqrwhv dq RSJ hvwlpdwru iru wkh yduldqfh/eTr ghqrwhv d qdlyh hvwlpdwru zklfk ljqruhv sdudphwhu xqfhuwdlqw| xqghu wkh
qxoo dqg eTr6 lv wkh vlpxodwlrq hvwlpdwru jlyhq lq +43,1 Ixuwkhu/ wkh dv|ps0
wrwlf whvwv  dqg h uhihu/ uhvshfwlyho|/ wr htxdwlrqv +7, dqg +8,1 Lq whvw 
wkh sdudphwhu dujxphqwv wr wkh hvwlpdwh ri NOLF duh frqvwdqw ryhu wkh U
vlpxodwlrqv zkhuh lq h wkh sdudphwhuv duh vshflf wr hdfk owk uhsolfdwlrq1
7 D Whvw ri wkh Olqhdu yhuvxv Orj0Olqhdu Uh0
juhvvlrq Prgho
Lq wklv vhfwlrq zh hydoxdwh wkh uhodwlyh shuirupdqfh ri d qxpehu ri errwvwuds
whvwv/ vshflfdoo| Ac c dqg 7c djdlqvw wzr dv|pswrwlf whvwv= r dqg r6
Wkh h{shulphqwdo ghvljq xvhg kdv ehhq xvhg suhylrxvo| e| Jrgiuh|/ PfDohhu/
dqg PfNhq}lh +4<;;, dqg Shvdudq dqg Shvdudq +4<<8,146 Xvlqj wkh qrwdwlrq
ghqhg deryh/ zh ohwMs EM} ghqrwh wkh olqhdu +orjdulwkplf, uhjuhvvlrq prgho1
Zkhq wkh olqhdu prgho lv wuxh revhuydwlrqv rq wkh ? sdluv i+|c %|j duh jhqhudwhg
dffruglqj wr
+| ’ Dff n D%| n |s c
zkhuh |s  Efc j2 dqg wkh dxwruhjuhvvlyh surfhvv %| lv ghqhg e|
%|  ff ’ fbE%|3  ff n e|s c
zlwk e|s  Efc j2s Xqghu wkh orj0olqhdu vshflfdwlrq zh kdyh
*L} +| ’ eS n fD *L} %| n |}c
zkhuh |}  Efc #2 Wkh dxwruhjuhvvlyh surfhvv %| lv ghqhg e|
*L}E%|*ff ’ fb *L}E%|3*ff n e|}c
46Wkh h{shulphqwv xvhg lq wkhvh wzr vwxglhv duh h{whqvlrqv ri wkrvh xvhg e| Dqhxu|q Hydqv
dqg Ghdwrq +4<;3,1
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zlwk e|}  Efc #2} Zh ydu| vdpsoh vl}h E? xvlqj ? ’ E2fc efc ffc zlwk wkh
qxpehu ri gjs uhsolfdwlrqv vhw dw 833/ dqg wkh qxpehu ri errwvwuds uhsolfdwlrqv
E {hg dw 5331
Dfurvv erwk vhwv ri h{shulphqwv/ zlwk hlwkhu wkh olqhdu ru orj0olqhdu prgho
vhuylqj dv wkh qxoo prgho/ d qxpehu ri jhqhudo revhuydwlrqv fdq eh pdgh1
Iluvw/ lq doo fdvhv zh revhuyh wkh h{shfwhg frqyhujhqfh ri srzhu iru vdpsoh
vl}h ri ff1 Vhfrqg/ dfurvv erwk dv|pswrwlf dqg errwvwuds whvwv/ ghyldwlrqv
ri hpslulfdo iurp qrplqdo vl}h zdv ohvv dqg srzhu juhdwhu iru h{shulphqwv
zlwk orzhu ydoxhv ri j2s dqg j
2
} Lq jhqhudo zh revhuyh uhdvrqdeoh shuirupdqfh
iru doo errwvwuds whvwv A +qrq0slyrwdo,/  +slyrwdo, dqg 7 +vwxghqwlvhg,1 Rxw
ri d wrwdo ri 7; h{shulphqwv +dfurvv glhuhqw qxoo prghov/ vdpsoh vl}hv dqg
j2sE} ’ H/ Sc rqo| lq wkuhh lqvwdqfhv gr zh revhuyh d vljqlfdqw ghsduwxuh
iurp qrplqdo vl}h Lq whupv ri wkh dv|pswrwlf whvwv/ wkh shuirupdqfh ri wkh whvw
vwdwlvwlf r6c zlwk wkh yduldqfh fdofxodwhg xvlqj d vlpxodwlrq hvwlpdwru edvhg
xsrq +43,,/ lv sduwlfxoduo| qrwhzruwk|1 Zlwk rqo| rqh vljqlfdqw glhuhqfh
ehwzhhq qrplqdo dqg hpslulfdo vl}h/ uhodwlyh wr doo rwkhu whvw vwdwlvwlfv zklfk
zhuh fruuhfwo| vl}hg/ r6 frqvlvwhqwo| ghprqvwudwhv kljkhu srzhu iru vpdoo +
? 	 Hf vdpsoh vl}h147
8 Qrq0Olqhdu Wkuhvkrog Prghov
Lq wklv vhfwlrq zh suhvhqw dqg eulh | glvfxvv dowhuqdwlyh wkuhvkrog prghov
zklfk zloo eh xvhg lq wkh Prqwh Fduor h{shulphqwv lqyhvwljdwlqj wkh shuiru0
pdqfh ri dv|pswrwlf dqg errwvwuds whvwv ri qrqqhvwhg k|srwkhvhv lq d qrq0
olqhdu iudphzrun1 Wzr whvwlqj vlwxdwlrqv zloo eh frqvlghuhg1 Wkh uvw zloo
frqfhqwudwh rq vhoi0h{flwlqj wkuhvkrog dxwruhjuhvvlyh +VHWDU, dqg wkh vhfrqg
rq hqgrjhqrxv ghod| wkuhvkrog dxwruhjuhvvlyh +HGWDU, prghov1
814 Vhoi0h{flwlqj wkuhvkrog dxwruhjuhvvlyh prghov
Wkh fdqrqlfdo irup ri d VHWDUprgho zlwk6 uhjlphv ehorqjlqj wr wkh fodvv ri
wkuhvkrog dxwruhjuhvvlyh +WDU, prghov/ lqwurgxfhg dqg dqdo|vhg h{whqvlyho|
47Iru h{dpsoh/ frpsduh 3=65; zlwk frpsdudeoh errvwuds srzhu ydoxhv ri W @ 3=597>
V @ 3=567> dqg S @ 3=559=
4:
e| Wrqj +4<:;/ 4<;6/ 4<<8,/ iru d vwrfkdvwlf surfhvv i%|j lv
%| ’ a|cf nxa|Eu%|3 n ja|"|c | ’ Rc    c Ac +46,
zkhuh xa|Eu ’
SR
&’ a|c&u
&3/ a| ’ @W|/ @ ’ Ec 2c    6/ W| ’ EE%|3_ 5
cE%|3_ 5 2c    cE%|3_ 5 6/  ’ do3c o/  ’ c    c6 zkhuh
ioc    c o63j lv d vwulfwo| lqfuhdvlqj vhtxhqfh ri wkuhvkrog sdudphwhuv> of ’
4 dqg o6 ’ 4 dqg E ghqrwhv wkh lqglfdwru ixqfwlrq1 Wkh vhwv/ /
 ’ c    c6/ ghqh d sduwlwlrq ri wkh uhdo olqh/ dqg _ lv uhihuuhg wr dv wkh ghod|
sdudphwhu1 Wkh edvlf lghd lv wkdw wkh vwdwh ri wkh v|vwhp/ dw d vshflf srlqw
lq wkh sdvw/ lq xhqfhv wkh fxuuhqw vwdwh ri wkh v|vwhp e| uhjxodwlqj d vzlwfk
ehwzhhq glhuhqw olqhdu odzv ri prwlrq jryhuqlqj wkh v|vwhp> wkhvh duh uhihuuhg
wr dv uhjlphv1 VHWDU prghov kdyh ehhq xvhg wr prgho pdfurhfrqrplf vhulhv
uhodwhg wr wkh exvlqhvv f|foh +vhh/ iru h{dpsoh/ Srwwhu +4<<8,,1 Qrwh wkdw wkh
uhsuhvhqwdwlrq lq +46, wuhdwv doo uhjlphv ri wkh VHWDUprgho vlploduo|1 Lq vrph
fdvhv lw lv pruh lqwxlwlyh wr vshfli| d edvh uhjlph/ vd| uhjlph r/ f 	 r  6/
dqg h{suhvv wkh olqhdu odzv ri prwlrq ri wkh rwkhu uhjlphv dv ghyldwlrqv iurp
wkh edvh uhjlph1 Vxfk d uhsuhvhqwdwlrq pd| eh jlyhq e|
%| ’ rcfnxrEu%|3nP
6
’c’rEo3  %|3_ 	 oEcfnEu%|3nS|"|c +47,
zkhuh  ’ cf  rcf/ [Eu ’ xEu  xrEu/  ’ c    c6c  9’ r dqg
S| ’ P
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’Eo3  %|3_ 	 oj1 Vhh dovr +4;, ehorz1
Wkh uvw vhw ri Prqwh Fduor h{shulphqwv zloo frpsduh d 50uhjlph dqg d
60uhjlph VHWDU prgho481 Qrqqhvwhg k|srwkhvlv whvwlqj lv qrw wkh rqo| dowhu0
qdwlyh iru hydoxdwlqj wkh wzr prghov/ dv qrwhg hduolhu1 Wkh lqwxlwlyh ghqlwlrq
48Wkh pdlq sureohp zklfk lv vshflf wr wkh dssolfdwlrq ri qrqqhvwhg k|srwkhvlv whvwlqj
wr wkuhvkrog prghov lv wkh glvfrqwlqxlw| dqg2ru qrq0glhuhqwldelolw| dvvrfldwhg zlwk wkuhvk0
rog sdudphwhuv1 Wkh sureohp lv qrw vr vhulrxv vlqfh wkh kljkhu udwh ri frqyhujhqfh ri wkh
hvwlpdwhg wkuhvkrog sdudphwhuv wr wkhlu wuxh ydoxhv/ lpsolhv wkdw wkh dqdo|vlv pd| dvvxph
wkdw wkhvh sdudphwhuv duh nqrzq +vhh Fkdq +4<<6,,1 Qrwh wkdw wkh kljkhu udwh ri frqyhu0
jhqfh iru wkh wkuhvkrog sdudphwhu rffxuv lq prghov zlwk glvfrqwlqxrxv frqglwlrqdo phdqv1
Zkhq wkh frqglwlrqdo phdq lv frqwlqxrxv exw qrw glhuhqwldeoh hyhu|zkhuh/ wkh wkuhvkrog
sdudphwhu lv
s
W 0frqvlvwhqw/ dw ohdvw iru vlpsoh frqwlqxrxv wkuhvkrog dxwruhjuhvvlyh prg0
hov1 Krzhyhu/ lq wklv fdvh wkh sdudphwhu hvwlpdwhv lqfoxglqj wkh wkuhvkrog sdudphwhuv duh
dv|pswrwlfdoo| qrupdo +Vhh Fkdq dqg Wvd| +4<<;,,1 Wkhq/ lw fdq eh frqmhfwxuhg wkdw wkh
dv|pswrwlf uhvxowv zklfk irup wkh edvlv ri wkh Fr{ whvw surfhgxuh krog1 Krzhyhu/ wkh idfw
uhpdlqv wkdw/ fxuuhqwo|/ uljrurxv surriv duh dydlodeoh rqo| xqghu wkh dvvxpswlrq ri nqrzq
wkuhvkrog sdudphwhuv1
4;
ri qrqqhvwhg k|srwkhvlv lqglfdwhv wkdw li o2 $ o wkhq d 60uhjlph VHWDU
prgho qhvwv d 50uhjlph VHWDU prgho1 Lq rxu vhwxs wklv lv qrw doorzhg vlqfh
o2 : o1 Dgglwlrqdoo|/ wkh wzr prghov duh qhvwhg li wkh dxwruhjuhvvlyh frh!0
flhqwv ri wzr uhjlphv ri wkh 60uhjlph VHWDU prgho duh htxdo1 Krzhyhu/ wklv
zrxog lpso| wkdw rqh ri wkh wkuhvkrog sdudphwhuv lv qrw lghqwlhg xqghu d
60uhjlph prgho1 Vlqfh wkh ghqvlwlhv ri wkh wzr prghov lq d qrqqhvwhg whvw0
lqj vhwwlqj pxvw eh zhoo ghqhg +vhh/ iru h{dpsoh/ Shvdudq +4<;:d, ru Zklwh
+4<;5,, zh fkrrvh wr lpsrvh wkh uhvwulfwlrq ri glhuhqw dxwruhjuhvvlyh frh!0
flhqwv iru glhuhqw uhjlphv1 Hvvhqwldoo|/ wklv lv vlplodu wr wkh Gdylhv sureohp
+vhh Gdylhv +4<::,, dulvlqj lq d qxpehu ri olqhdulw| whvwv1
815 Hqgrjhqrxv ghod| wkuhvkrog dxwruhjuhvvlyh prghov
Wkh vhfrqg vhw ri Prqwh Fduor h{shulphqwv zloo frqfhqwudwh rq wkh prghov
ghyhorshg lq Ndshwdqlrv +4<<;, iroorzlqj wkh zrun e| Ehdxgu| dqg Nrrs
+4<<6e, dqg Shvdudq dqg Srwwhu +4<<:,1 Wkhvh prghov duh edvhg rq lghdv iurp
wkhruhwlfdo qrqolqhdu hfrqrplf prghov ri wkh exvlqhvv f|foh dqg hvshfldoo| wkh
 rru dqg fhlolqj prgho ri rxwsxw e| Klfnv +4<7</ 4<83,1 Wkh edvlf suhplvh ri
wkh Klfnv prgho lv wkdw zkhq rxwsxw ghyldwhv iurp lwv orqj uxq wuhqg ydoxh/
gdpshqlqj qrqolqhdu irufhv frph lqwr hhfw dqg sxvk rxwsxw wrzdugv lwv wuhqg
ydoxh1 Wkh prgho zdv ruljlqdoo| sursrvhg wr prgho rxwsxw/ exw dq| vhulhv
gulyhq e| wkh exvlqhvv f|foh vxfk dv lqgxvwuldo surgxfwlrq ru lpsruwv pd| eh
prghoohg vlploduo|1 Zh zloo ghqrwh vxfk d vhulhv e| i+|j zlwk wkh wuhqg ydoxh49
ghqrwhg e| i+| j1 Wkh prghov glvwlqjxlvk ehwzhhq wkuhh uhjlphv1 Rqh uhjlph
krogv zkhq wkh vhulhv hyroyhv qhdu lwv wuhqg ydoxh/ wklv lv uhihuuhg wr dv wkh
fruulgru uhjlph1 Wkh rwkhu wzr uhjlphv duh dfwlydwhg zkhq wkh vhulhv ghyldwhv
iurp lwv wuhqg ydoxh hlwkhu grzqzdugv ru xszdugv dqg duh uhihuuhg wr dv wkh
 rru dqg fhlolqj uhjlphv1 Wkh iroorzlqj lqglfdwru ixqfwlrqv duh xvhg wr ghqh
wkh uhjlphv
Iorru Uhjlph Us | ’ E+| 	 +

|  osc os : f +48,
Fruulgru Uhjlph Ufru | ’ EUs | n US | ’ fc +49,
49Iru d glvfxvvlrq rq wkh vshflfdwlrq ri wkh wuhqg vhulhv vhh Fkdswhu 4 lq Ndshwdqlrv
+4<<;,1 Iru wkh sxusrvhv ri wklv sdshu wkh wuhqg zloo eh hvwlpdwhg xvlqj d uhfxuvlyh Krgulfn0
Suhvfrww owhu1
4<
Fhlolqj Uhjlph US | ’ E+| : +

| n oSc oS : f +4:,
Wkh sdudphwhuv os dqg oS duh wkuhvkrog sdudphwhuv1 Zh fdq prgho d vwdwlrqdu|
wudqvirupdwlrq ri wkh vhulhv/ d qdwxudo fkrlfh lq wklv iudphzrun ehlqj +|  +|
dowkrxjk {+| pd| eh xvhg wr surylgh d olqn zlwk wkh h{lvwlqj olwhudwxuh rq
wkuhvkrog prghov1 Erwk wudqvirupdwlrqv duh frqvlghuhg lq Ndshwdqlrv +4<<;,1
Iru wkh Prqwh Fduor h{shulphqwv lq wklv sdshu {+| lv xvhg1
Wkh uvw prgho zh frqvlghu lv d yduldqw ri d 60uhjlph VHWDUprgho4: jlyhq
e|
{+
|
’ frucfnxfruEu{+|nUs |3EscfnxsEu{+|nUS |3EScfnxSEu{+|n|"|c
+4;,
zkhuh | ’ jfruUfru |3 n jsUs |3 n jSUS |31 jfru / js / jS duh sdudphwhuv wr eh
hvwlpdwhg1 i"|j lv dvvxphg wr eh dq lqghshqghqw dqg lghqwlfdoo| glvwulexwhg
+l1l1g1, vhtxhqfh ri glvwxuedqfhv zlwk }hur phdq dqg xqlw yduldqfh> xfruEu/
xsEu dqg xSEu duh sro|qrpldov lq wkh odj rshudwru u zlwk rughuv Rfru / Rs
dqg RS uhvshfwlyho|1 Qrwh wkdw wkh deryh vshflfdwlrq doorzv iru uhjlph vshflf
khwhurvfhgdvwlflw| wr dffrxqw iru srvvleoh fkdqjhv lq wkh yduldqfh ri wkh vhulhv lq
glhuhqw uhjlphv4;1 Krzhyhu/ wkh vshflfdwlrqv iru wkh  rru dqg fhlolqj uhjlphv
lq wklv prgho gr qrw surylgh d qdwxudo uhsuhvhqwdwlrq iru wkh gdpshqlqj hhfwv
lq wkh Klfnv prgho jlyhq wkdw vxfk hhfwv zloo rqo| eh suhvhqw li wkh frh!flhqwv
lq xsEu dqg xSEu kdyh wkh dssursuldwh vljqv1 D pruh vxlwdeoh vshflfdwlrq
lv surylghg e| wkh fodvv ri HGWDU prghov zklfk lv glvfxvvhg lq Ndshwdqlrv
+4<<;,/ Shvdudq dqg Srwwhu +4<<:, dqg Dowlvvlpr dqg Ylrodqwh +4<<9,1 Wklv
fodvv pdnhv xvh ri wkh iroorzlqj ihhgedfn yduldeohv wr prgho wkh gdpshqlqj
hhfwv
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4:Qrwh wkdw li zh vshfli| |w @ |w4/ wkhq wkh prgho lq +4;, lv d vwdqgdug 60uhjlph VHWDU
prgho zkrvh fdqrqlfdo irup lv jlyhq lq +46,1
4;Wklv sdwwhuq ri frqglwlrqdo khwhurvfhgdvwlflw| lv uhihuuhg wr dv Txdolwdwlyh Wkuhvkrog
Dxwruhjuhvvlyh Frqglwlrqdo Khwhurvfhgdvwlflw| +TWDUFK, +vhh dovr/ Dowlvvlpr dqg Ylrodqwh
+4<<9,,1
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Wkhq/ {+
|
lv jlyhq e|
{+| ’ f nxEu{+| n ws8|3 n wS|3 n |"| +54,
Erwk wkh ihhgedfn yduldeohv duh frqvwuxfwhg wr eh hlwkhu srvlwlyh ru }hur1 Hdfk
h{wud wlph shulrg vshqw lq wkh c rru* ru cfhlolqj* uhjlph ohdgv wr d ulvh lq wkh
ydoxh ri 8| dqg | uhvshfwlyho|1 Wkhuhiruh/ wkh uroh ri wkh ihhgedfn yduldeohv
lv wr phdvxuh wkh gdpshqlqj hhfwv rq wkh hfrqrp| gxulqj frqwudfwlrqv dqg
h{sdqvlrqv1
816 Whvw Uhvxowv
Wkh sdudphwhu ydoxhv iru wkh GJSv xvhg lq wkh frqvwuxfwlrq ri wkh Prqwh
Fduor vdpsohv duh suhvhqwhg lq Wdeohv 7 dqg 81 Lq erwk fdvhv wkh dxwruhjuhvvlyh
frh!flhqwv duh fkrvhq wr olh lq wkh vwdeoh uhjlrq dqg wdnh vpdoo devroxwh ydoxhv
vr dv wr uhgxfh hvwlpdwh eldvhv lq vpdoo vdpsohv1 Lq wdeoh 7 wkh sdudphwhu ydoxhv
duh vhoi0h{sodqdwru| zlwk wkh sdudphwhulvdwlrq ri wkh yduldqfh frqvlvwhqw zlwk
krprvfhgdvwlflw| dfurvv uhjlphv1 Lq wdeoh 8/ Rs c RS dqg RSJo/ wrjhwkhu zlwk Roc
Re dqg R ghqrwh/ uhvshfwlyho|/ wkh rughu ri wkh sro|qrpldov iru erwk wkh olqhdu
dqg qrq0olqhdu frpsrqhqwv ri wkh prghov1 Qrwh dovr wkdw wkh sdudphwhulvdwlrq
ri wkh VHWDU wuhqg dqg HGWDU wuhqg prgho doorzv iru erwk d frpprq olqhdu
dqg yduldqfh frpsrqhqw/ zlwk uhvshfwlyh sdudphwhuv   ’ c    c6 dqg SJoc
  ’ fc c6 Uhvxowv duh suhvhqwhg iru d qrplqdo vl}h ri 8( +3138,1 Wkh
uhvxowv ri wkh h{shulphqwv duh suhvhqwhg lq Wdeohv 9 wr <1
Wkh uhvxowv duh hqfrxudjlqj iru wkh vlpsoh errwvwuds surfhgxuhv1 Lq wkh
uvw vhw ri h{shulphqwv xqghu wkh qxoo ri d 5 uhjlph VHWDU prgho/ doo exw
wzr h{shulphqwv lqglfdwh wkdw wkh dfwxdo vl}h lv qrw vljqlfdqwo| glhuhqw iurp
wkh qrplqdo vl}h/ dv fdq eh vhhq iurp wkh uhvxowv lq Wdeoh 91 Wkh ( surfhgxuh
shuirupv vdwlvidfwrulo| dv zhoo1 Dowkrxjk r6 kdv orzhu srzhu wkdq vl}h dw
d vdpsoh vl}h ri 433 lwv shuirupdqfh lpsuryhv iru d vdpsoh vl}h ri 4831 Wkh
uhpdlqlqj dv|pswrwlf whvwv JR/ r/ hJR/ hr dqg hr6 shuirup edgo| e| hlwkhu
xqghu0uhmhfwlqj ru ryhu0uhmhfwlqj wkh qxoo1 Lw lv lqwhuhvwlqj wr qrwh wkdw wkh
qrq0slyrwdo errwvwuds whvw A surfhgxuh kdv yhu| orz srzhu lq vpdoohu vdpsohv1
Zkhq wkh qxoo lv d 60uhjlph VHWDU prgho/ wkh uhvxowv lq Wdeoh : lqglfdwh
wkdw wkh shuirupdqfh ri wkh whvwv ghwhulrudwhv1 Doo dv|pswrwlf whvwv kdyh yhu|
odujh dfwxdo vl}hv1 Iru wzr dv|pswrwlf whvwv + hJR dqg hr,/ dfwxdo vl}h h{fhhgv
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srzhu1 Lq dgglwlrq zh qrwh wkdw wkh whvw vwdwlvwlf grhv qrw vhhp wr h{klelw
wkh dvvxphg frqyhujhqfh surshuwlhv/ dw ohdvw iru vdpsoh vl}hv ehwzhhq 83 dqg
5331 Zh fdq surylgh vrph lqwxlwlrq iru wklv uhvxow edvhg xsrq wkh iroorzlqj
dujxphqw1 Jlyhq wkdw wkh wuxh prgho lv d 60uhjlph VHWDU dqg Ms EM} duh
6 +5, uhjlphv VHWDU prghov/ wkh yduldqfh ri wkh orj0olnholkrrg udwlr zloo eh
lq dwhg1 Wklv iroorzv iurp wkh uhvxowv ri Edl dqg Shuurq +4<<;, rq hvwlpdwlqj
dqg whvwlqj olqhdu prghov zlwk vwuxfwxudo euhdnv1 Jlyhq wkdw lw lv srvvleoh wr
wklqn ri wkuhvkrogv dqg euhdnv dv vlplodu qrq0olqhdulwlhv ghshqglqj xsrq krz
revhuydwlrqv duh rughuhg/ zh nqrz wkdw li zh xqghuhvwlpdwh wkh qxpehu ri
wuxh wkuhvkrogv/ zh zloo rewdlq d frqvlvwhqw hvwlpdwh/ vd| eoWc ri rqh ri wkh wzr
wkuhvkrogv14< Krzhyhu/ dfurvv vdpsohv wkh olplw ri eoW zloo rvfloodwh ehwzhhq wkh
wzr wuxh srsxodwlrq wkuhvkrog ydoxhv/ dqg dv d uhvxow vr zloo wkh yduldqfh ri
wkh phdq sdudphwhuv dqg wkh yduldqfh ri orj u}1 Ixuwkhu/ wklv sureohp zloo
shuvlvw lq odujh vdpsohv/ jlyhq wkdw wkh wkuhvkrog hvwlpdwh zloo qrw frqyhujh
wr d vlqjoh ydoxh1 Wr h{dplqh wklv skhqrphqrq d olwwoh forvhu zh lqfuhdvhg
wkh vdpsoh vl}h vxevwdqwldoo|/ h{dplqlqj vl}h iru JR dqg r zlwk wkh vdpsoh
vhw dw 48331 Wkh uhvshfwlyh vl}hv ri 31<:: dqg 31<9< lqglfdwhv d zruvhqlqj ri
wkh vlwxdwlrq1 Iroorzlqj wklv/ dqg edvhg rq wkh frqmhfwxuh wkdw wkh hvwlpdwlrq
ri qxlvdqfh +wkuhvkrog, sdudphwhuv pd| eh d sduwldo h{sodqdwlrq/ zh uhshdwhg
wkh vdph vhw ri h{shulphqwv/ exw {lqj wkh wkuhvkrog sdudphwhuv dw wkh nqrzq
wuxwk1 Vljqlfdqfh ohyhov ri JR ’ fH2e dqg r ’ f... uhyhdohg wkdw wkh
hvwlpdwlrq suhflvlrq ri wkuhvkrog sdudphwhuv zdv qrw wkh sureohp1 Ilqdoo|/ zh
h{dplqhg wkh vl}h surshuwlhv ri d yduldqw ri JR dqg r/ e| uhsodflqj eb lq wkh
dqdo|wlfdo hvwlpdwru ri wkh yduldqfh e| b-Eewc ghqrwlqj wkh qhz whvw vwdwlvwlf
JRcr dqg rcr Wkh uhvxowv +JRcr ’ ff2c rcr ’ fff. lqglfdwh wkdw wkhvh whvw
vwdwlvwlfv dsshdu wr frqyhujh exw wkhuh lv vwloo d vljqlfdqw glhuhqfh ehwzhhq
qrplqdo dqg hpslulfdo vl}h153
Wkh vlpsoh errwvwuds whvwv +qdpho| Ac 7c dqg  , shuirup zhoo kdylqj
dfwxdo vl}hv ohvv wkdq 43 ( iru doo h{shulphqwv1 H{shulphqwv xvlqj wkh (/ r6
dqg hr6 surfhgxuhv lqglfdwh wkdw wkhvh whvwv shuirup yhu| edgo| dqg kdyh
h{wuhpho| odujh dfwxdo vl}hv1 Dgglwlrqdoo|/ wkh vlpxodwhg vdpsohv xvhg iru wkh
4<Wklv zloo ghshqg xsrq zklfk wkuhvkrog sdudphwhu grplqdwhv lq whupv ri pd{lplvlqj
wkh orj0olnholkrrg1
53Qrwh wkdw wkhuh zdv qr vljqlfdqw glhuhqfh ehwzhhq qrplqdo dqg hpslulfdo vl}h iru wkh
whvw Drs>v zlwk wkh wkuhvkrog sdudphwhuv {hg dw wuxwk1
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frqvwuxfwlrq ri wkh errwvwuds vwdwlvwlfv dqg wkh yduldqfh hvwlpdwru eTr6/ ehkdyh
huudwlfdoo| dqg fdqqrw eh hvwlpdwhg dv wkh| kdyh wrr ihz revhuydwlrqv lq rqh
ri wkh wkuhh uhjlphv1 Lw vhhpv olnho| wkdw wkh vlpxodwlrq huuru lqwurgxfhg e|
wzr vhwv ri vlpxodwlrqv lv odujh1 Iru wkhvh uhdvrqv zh gr qrw uhsruw uhvxowv
iru wkhvh whvwv dqg frqfoxgh wkdw wkh| pd| qrw eh vxlwdeoh iru wkh fodvv ri
qrqolqhdu prghov zh frqvlghu1
Lq wkh vhfrqg vhw ri h{shulphqwv suhvhqwhg lq Wdeohv ; dqg </ errwvwuds
whvwv shuirup vdwlvidfwrulo| zlwk dfwxdo vl}hv ri durxqg 43(1 Dowkrxjk wkh
dv|pswrwlf whvwv r dqg hr shuirup uhodwlyho| zhoo xqghu wkh VHWDU wuhqg
wklv lv qrw vr xqghu wkh HGWDU wuhqg qxoo1 Srzhu xqghu wkh qxoo ri dq HGWDU
prgho lv txlwh orz/ hvshfldoo| iru wkh A surfhgxuh1 Ryhudoo/ vlpsoh errwvwuds
whvwv shuirup frqvlvwhqwo| ehwwhu wkdq dv|pswrwlf whvwv1  dqg 7 shuirup
frpsdudeo|/ srvvleo| ehfdxvh ri wkh hhfwv ri wkh vlpxodwlrq huuru glvfxvvhg
hduolhu1
9 Frqfoxvlrq
Lq wklv sdshu zh kdyh frqvlghuhg d ydulhw| ri vlpxodwlrq0edvhg whvwlqj sur0
fhgxuhv iru qrqqhvwhg prghov lqfoxglqj errwvwuds surfhgxuhv1 Zh kdyh vhhq
wkdw wkh iudphzrun ri qrqqhvwhg k|srwkhvhv fdq eh h{whqghg wr lqfoxgh vlw0
xdwlrqv zkhuh wkh prghov xqghu frqvlghudwlrq pd| eh wkrxjkw ri dv qhvwhg
exw fdqqrw eh vwudljkwiruzdugo| kdqgohg dv vxfk1 Wkh whvw ri d VHWDU prgho
zlwk 5 uhjlphv djdlqvw d VHWDU prgho zlwk 6 uhjlphv lv dq h{dpsoh ri vxfk d
skhqrphqrq1 Zh kdyh fduulhg rxw dq h{whqvlyh Prqwh Fduor lqyhvwljdwlrq ri
wkh vpdoo vdpsoh surshuwlhv ri wkh errwvwuds surfhgxuhv dqg frpsduhg wkhp
wr surfhgxuhv zklfk dowkrxjk xvlqj vlpxodwlrq phwkrgv wr hydoxdwh wkh whvw
vwdwlvwlf vwloo uho| rq dv|pswrwlf dssur{lpdwlrqv1 Zh frqfoxgh wkdw vlpsoh
errwvwuds surfhgxuhv fdq surylgh vljqlfdqw lpsuryhphqwv frpsduhg wr erwk
dv|pswrwlf surfhgxuhv dqg pruh frpsolfdwhg errwvwuds surfhgxuhv zklfk dlp
wr lqfrusrudwh vhfrqg rughu fruuhfwlrqv1 Lw lv fohdu wkdw wkh vlpxodwlrq huuru
lqyroyhg lq wkrvh surfhgxuhv lv odujhu wkdq wkh jdlq iurp dq| srvvleoh uhgxf0
wlrq lq wkh vwdwlvwlfdo huuru1 E| frqgxfwlqj h{shulphqwv ryhu w|shv ri prghov
zlwk glhuhqw ghjuhhv ri qrqolqhdulw| zh ghwhuplqhg wkdw lw lv lpsruwdqw wr
glvwlqjxlvk ehwzhhq whvwlqj ryhu olqhdu dqg orj0olqhdu prghov zkhuh wkh jdlq
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ri xvlqj wkh errwvwuds lv prghudwh dqg kljko| qrqolqhdu prghov zkhuh wkh
dv|pswrwlf dssur{lpdwlrqv duh lq jhqhudo yhu| srru1 Lq vxfk fdvhv errwvwuds
edvhg surfhgxuhv surylgh pruh vljqlfdqw lpsuryhphqwv1
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Surfhvvlqj/ hg1 e| F1 Fkhq1 Vlmwkr dqg Qrrugkr/ Dpvwhugdp1
+4<;6,= Wkuhvkrog Prghov lq Qrqolqhdu Wlph Vhulhv Dqdo|vlv1 Vsulqjhu
Yhuodj1
+4<<8,= Qrqolqhdu Wlph Vhulhv= D G|qdplfdo V|vwhp Dssurdfk1 R{0
irug Xqlyhuvlw| Suhvv1
Ylqrg/ K1 +4<<6,= Errwvwuds Phwkrgv= Dssolfdwlrqv lq Hfrqrphwulfv/
Kdqgerrn ri Vwdwlvwlfv/ 44/ 95<9941
Zhhnv/ P1 +4<<9,= Whvwlqj wkh Elqrpldo dqg Pxowlqrpldo Fkrlfh Prghov
Xvlqj Fr{*v Qrq0Qhvwhg Whvw/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfl0
dwlrq +Sdshuv dqg Surfhhglqjv,1
Zklwh/ K1 +4<;5,= Uhjxodulw| Frqglwlrqv iru Fr{*v Whvw ri Qrqqhvwhg K|0
srwkhvhv/ Mrxuqdo ri Hfrqrphwulfv/ 4</ 6344;1
5:
Wdeoh 5= Errwvwuds0Edvhg Olnholkrrg Udwlr Whvwv
Olqhdu Prgho EMs lv wkh Gdwd Jhqhudwlqj Surfhvv
js ’ H js ’ S
Vdpsoh
Vl}h@ Whvw Olqhdu Orj0Olqhdu Olqhdu Orj0Olqhdu
53 W ffef ffDe ffSS fff
V ffDH ffSf ffS2 ffbH
S ffDe ffSf ff.SW ffbe
Dr fe
W fDe feeW f2.e
Dr6 ffe2 ffSH ffD2 ff.H
73 W ffD2 f2Se ffe2 fDHf
V ffH f2e ffe2 fDHe
S ffSe f22S ff.SW fDfH
Dr f2S
W f2be ffDHW fS2S
Dr6 ffS f2H ffee fS2e
;3 W ffD2 f.S ffD2 fff
V ffSf fSf ffS2 fff
S ffDS fe ffeS fbbe
Dr ffHf
W fe2H ffDS fbbS
Dr6 ffDS fe2f ffee fff
433 W ffeH fDeH ffeS fff
V ff.f fDee ffH fff
S ffDS fDf2 ffeS fff
Dr ffHf
W fDSf ffS2 fff
Dr6 ffeS fDH2 ffe2 fff
@Vwduuhg hqwulhv lqglfdwh wkdw wkh hvwlpdwhg vl}h lv vljqlfdqwo| glhuhqw iurp 3138 dw wkh
8( vljqlfdqfh ohyho1 Wkh yduldqfh ri wkh hvwlpdwhg vl}h lv rewdlqhg xvlqj wkh qrupdo
dssur{lpdwlrq wr wkh elqrpldo glvwulexwlrq dqg lv jlyhq e| 3e@E e@ zkhuh  lv wkh
qxpehu ri Prqwh Fduor uhsolfdwlrqv dqg e@ lv wkh hvwlpdwhg vl}h1
5;
Wdeoh 6= Errwvwuds0Edvhg Olnholkrrg Udwlr Whvwv
Orj0Olqhdu Prgho +M} lv wkh Gdwd Jhqhudwlqj Surfhvv
j} ’ H j} ’ S
Vdpsoh
Vl}hK Whvw Olqhdu Orj0Olqhdu Olqhdu Orj0Olqhdu
53 W ffe ffeS f2ff ffee
V ffSe ffDS fbS ffDH
S ffDH ffD2 fHS ffSH
Dr fDe f2
W fDf fH2W
Dr6 ffH ffee f2Sf ffS
73 W f2eS ffef ffe ffeS
V f2eS ffDf ffe ffbeW
S f2S ffee f2HH ffe2
Dr feff ffSH fe2S ffHS
W
Dr6 f2DS ffe
W fef ffS
;3 W fefe ffDH fH.2 ffDH
V f.S ffeH fbe ffDe
S f2S ffS2 fHef ffS2
Dr feDe ffHH
W fbff ffH2W
Dr6 feH ffDS fHH2 ffSS
433 W fe2e ffSH fff ffH
V feH ffDe fbHH ffe2
S fbf ff.H fbbf ffe2
Dr fDfH ff.S
W fff ffeS
Dr6 feDS ffDS fff ffe
W
KVhh irrwqrwh +d, Wdeoh 51
5<
Wdeoh 7= GJSv iru uvw vhw
ri Prqwh Fduor h{shulphqwv
GJS 4d GJS 5e
R 5 5
o 3 0316
o2 316
_ 4 4
cf 314 315
c 315 314
c2 0314 0314
2cf 315 314
2c 314 315
2c2 0315 315
cf 315
c 315
c2 0315
j2 4 5158
j22 4 5158
j2 5158
d50uhjlph VHWDU prgho
e60uhjlph VHWDU prgho
Wdeoh 8= GJSv iru vhfrqg
vhw ri Prqwh Fduor h{shul0
phqwv
GJS 6d GJS 7e
os 4 4
oS 4 4
Rs 5
RS 5
Rfru 5
Ro 4
Re 4
R 5
frucf 314
fruc 315
fruc2 0315
scf 3
sc 0314
sc2 03148
Scf 3138
Sc 03138
Sc2 0314
f 314
 315
2 0315
ws 318
wS 0318
j2s 4 4
j2S 4 4
j2fru 4 4
dVHWDU wuhqg prgho
eHGWDU prgho
63
Wdeoh 9= Whvw vl}h dqg srzhu xqghu Ms = 50uhjlph VHWDU prgho djdlqvw M}=
60uhjlph VHWDU prgho1 Wuxh GJS iru vl}h= 5 uhjlph VHWDU/ Wuxh GJS iru
srzhu= 6 uhjlph VHWDU
Vl}hd Srzhu
Whvwlqj Vdpsoh Vl}h Vdpsoh Vl}h
Surfhgxuhv 83 433 483 533 83 433 483 533
JR f.fb
WW ffWW ffWW fffWW 31::3 31<58 41333 41333
Dv|pswrwlf r fSb
WW ffHWW fffDWW fffeWW 31:6< 31<4; 41333 41333
Whvwlqj JR fbbH
WW fHfSWW fDeWW fHWW 31<<: 31<<8 41333 41333
Surfhgxuhve r fb.b
WW fDHfWW f.2WW f2DHWW 31<<: 31<<5 41333 41333
r6 31373 31378 3137; 31375 3134: 315:7 31<99 41333
Errwvwuds A 31373 ffb 31387 31378 313:8 3159; 31<:9 41333
Whvwlqj 7 3138; 31374 ffS2 ffHW 31::5 31<;; 41333 41333
Surfhgxuhvf  ff.fW 31373 3138< ffee 316:9 31<8; 41333 41333
( Q2D ffeD fff Q2D Q2D 31;93 31<<8 Q2D
dVwduuhg hqwulhv lqglfdwh wkdw wkh hvwlpdwhg vl}h lv vljqlfdqwo| glhuhqw iurp 3138
dw wkh 8( vljqlfdqfh ohyho1 Grxeoh vwduv lqglfdwh glhuhqfh dw wkh 4( vljqlfdqfh
ohyho1 Wkh yduldqfh ri wkh hvwlpdwhg vl}h lv rewdlqhg xvlqj wkh qrupdo dssur{lpdwlrq
wr wkh elqrpldo glvwulexwlrq dqg lv jlyhq e| Q4e+4  e, zkhuh Q lv wkh qxpehu
ri Prqwh Fduor uhsolfdwlrqv dqg e lv wkh hvwlpdwhg vl}h1
eWkh whvw vwdwlvwlfv iru wkh dv|pswrwlf whvwlqj surfhgxuhv duh jlyhq lq Wdeoh 6141
fWkh whvw vwdwlvwlfv dqg errwvwuds whvw vwdwlvwlfv iru wkh errwvwuds whvwlqj surfh0
gxuhv duh jlyhq lq Wdeoh 6141
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Wdeoh := Whvw vl}h dqg srzhu xqghu Ms = 60uhjlph VHWDU prgho djdlqvw M}=
50uhjlph VHWDU prgho1 Wuxh GJS iru vl}h= 6 uhjlph VHWDU/ Wuxh GJS iru
srzhu= 5 uhjlph VHWDU
Vl}h Srzhu
Whvwlqj Vdpsoh Vl}h Vdpsoh Vl}h
Surfhgxuhvd 83 433 483 533 83 433 483 533
Dv|pswrwlf JR fHDH
WW f.b.WW fHf2WW fHDWW 31;<5 31<89 31<<: 31<<:
Whvwlqj r fHf.
WW f.WW f.WW f..2WW 31<4: 31<9; 31<;< 31<<9
Surfhgxuhv JR fbfb
WW fbHWW fbS2WW fbSWW 31:68 31;37 31:;6 31;69
r fHbf
WW fbbWW fbeHWW fbDWW 31934 3198< 31876 3193<
r6 fD
WW fSHWW fSbeWW f.DWW 31586 31;7< 31<96 31<;7
Errwvwuds A ffbDWW ffS ff.WW ff..WW 31:6: 31<5; 31<;8 31<<9
Whvwlqj 7 ffe2 3136< ff2bWW ff2eWW 317<; 31;:6 31<:6 31<;:
Surfhgxuhv  f2HHWW ffH.WW ffH.WW ffbDWW 31:83 31<36 31<;9 31<<7
dVhh qrwhv lq Wdeoh 9
Wdeoh ;= Whvw vl}h dqg srzhu xqghu Ms = VHWDU wuhqg prgho djdlqvw M}=
HGWDU wuhqg prgho1 Wuxh GJS iru vl}h= VHWDU wuhqg/ Wuxh GJS iru srzhu=
HGWDU wuhqg
Vl}h Srzhu
Whvwlqj Vdpsoh Vl}h Vdpsoh Vl}h
Surfhgxuhvd 433 483 433 483
Dv|pswrwlf JR feD
WW fDfDWW 31;38 31<43
Whvwlqj r ff
WW ffHf 31833 31933
Surfhgxuhv JR fbf
WW fefWW 319;8 31:<3
r 31398 ff2f
WW 31743 317:3
r6 31363 ffbf
W 315:3 317:3
Errwvwuds A fffW ffDW 317:3 31973
Whvwlqj 7 fffW fDWW 31788 31973
Surfhgxuhv  ffWW fDWW 317:3 319:3
dVhh qrwhv lq Wdeoh 9
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Wdeoh <= Whvw vl}h dqg srzhu xqghu Ms = HGWDU wuhqg prgho djdlqvw M}=
VHWDU wuhqg prgho1 Wuxh GJS iru vl}h= HGWDU wuhqg/ Wuxh GJS iru srzhu=
VHWDU wuhqg
Vl}h Srzhu
Whvwlqj Vdpsoh Vl}h Vdpsoh Vl}h
Surfhgxuhvd 433 483 433 483
Dv|pswrwlf JR ff.D ff.f 314;3 315:8
Whvwlqj r ffDD 31368 313:8 31483
Surfhgxuhv JR fDfD
WW f.fWW 319<3 31:63
r fD
WW f2fWW 31783 31878
r6 3136 31368 31398 313:8
Errwvwuds A 31388 31378 31398 31433
Whvwlqj 7 fSfWW fffW 31668 31943
Surfhgxuhv  fDWW ffbDW 31548 316:3
dVhh qrwhv lq Wdeoh 9
